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SPREADING IN A SHIFTING ENVIRONMENT MODELED BY THE 
DIFFUSIVE LOGISTIC EQUATION WITH A FREE BOUNDARY 


YIHONG DUt, LEI WEI^ AND LING ZHOU§ 

Abstract. We investigate the influence of a shifting environment on the spreading of 
an invasive species through a model given by the diffusive logistic equation with a free 
boundary. When the environment is homogeneous and favourable, this model was first 
studied in Du and Lin where a spreading-vanishing dichotomy was established for the 
long-time dynamics of the species, and when spreading happens, it was shown that the 
species invades the new territory at some uniquely determined asymptotic speed co > 0. 
Here we consider the situation that part of such an environment becomes unfavourable, 
and the unfavourable range of the environment moves into the favourable part with speed 
c > 0. We prove that when c > cq, the species always dies out in the long-run, but when 
0 < c < Co, the long-time behavior of the species is determined by a trichotomy described by 
(a) vanishing, (b) borderline spreading, or (c) spreading. If the initial population is writen 
in the form uo(x) = a(f)(x) with (j) fixed and tr > 0 a parameter, then there exists ctq > 0 
such that vanishing happens when a G (0,cro)i borderline spreading happens when cr = cto: 
and spreading happens when a > ao. 


1. Introduction 

The effect of climate change on the snrvival of ecological species has attracted a great deal 
of attention in recent years; see, for example, [31 H El El [22] and the references therein. To 
gain insights to this problem, some simple mathematical models have been proposed and 
analyzed. One snch model is given by the Canchy problem 

(1.1) Ut = duxx + f{x — ct,u), X G M^, t > 0; n(0, x) = Uo{x), x G 

where u(t, x) stands for the population density of the concerned species at time t and spatial 
position X, with initial population Uq{x). The climate change is incorperated in the function 
f{x — ct,u), which describes a changing environment that shifts with a certain speed c > 0. 
In [21 m El E], the situation where a shifting environment with a favourable habitat range 
surrounded by unfavorable ones is investigated, and many interesting results are obtained, 
including useful criteria for long-time survival of the species. 
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In [22], the influence of climate change on the spreading of an invasive species is studied, 
where the problem is modeled by fll.ll) with a logistic type nonlinear term 

f{x — ct, u) = r{x — ct)u — u^, 

and to represent a shifting environment, r{^) is assumed to be a continuous increasing 
function with r(±cxD) finite and r(— cxd) < 0 < r(+cxD). So there is a .^o ^ such that 
^{0 < 0 for ^ < ^0 and r(^) > 0 for ^ indicating that the shifting range := {x G 

: X < ^0 + ct} is unfavourable to the species, while Qf := {x G : x > + ct} is 

favourable. The main result in [22| states that, if the environment shifting speed c is strictly 
greater than c* := 2^^/dr{+oo), then the species will die out in the long run, while in the 
case 0 < c < c*, the species will survive and spread into new territory in the direction of the 
moving environment with asymptotic speed c*. More precisely, in the case 0 < c < c*, for 
any given small e > 0, 


sup u{t,x) 

= 0, lim 

1 

C 

_1 

X<{c—€)t 

)-CxD 

x>{c* +e)t 


lim 

t^OO 


sup |M(f, x) — r(+cx))| 

{c-\-€)t<x<{c* —e)t 


= 0 . 


Therefore, in the case c < c*, the species will survive only inside the shifting range St : = 
{x G : ct < X < c*t} for large t. 

In this paper we look at a similar problem to [22|, but use a free boundary to describe 
the spreading front of the species. As a matter of fact, we started working on the problem 
independently of [22|, and learned of [22] only after the first draft of our paper has been 
completed. It is a pleasing surprise to us that the nonlinear term in our model almost 
coincides with that used in [22] , which made the results arising from the two related models 
readily comparable (see below, in particular Remark 11.31 (ii)). 

We now describe our model precisely. Let c > 0 be as before. We assume that A(^) is a 
Liptschitz continuous function on satisfying 


( 1 . 2 ) 


2l(?) = 



and A(^) is strictly increasing over [—/o,0]. Here Iq, oq and a are constants, with /q > 0, 
Oo < 0 and a > 0. 

Our model is given by the following free boundary problem 

f > 0, 0 < X < h{t), 
t > 0, 
t > 0, 

0 < X < ho, 

where x = h(t) is the moving boundary to be determined, ho, /r, d, b are positive constants, 
and the initial function Uo{x) satisfies 


Ut = duxx + A(x — ct)u — hu^, 
Ux{t,t)) = u{t,h{t)) = 0, 
h'{t) = -fiUxit, h{t)), 
h(0) = ho, m(0,x) = uo{x). 


(1.4) uo G (^^([O, ho]), ^ 0 ( 0 ) = Uo{ho) = 0 , u'qQio) < 0 and Mq > 0 in [ 0 , ho). 


So in this model, the range of the species is the varying interval [0, h{t)], and the species can 
invade the environment from the right end of the range (x = h{t)), with speed propotional 
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to the population gradient u^; there, while at the hxed boundary a; = 0, a no-flux boundary 
condition is assumed. The function A{x—ct) represents the assumption that the unfavourable 
part of the environment is moving into the current and future habitat of the species at the 
speed c. We want to know the long-time dynamical behavior of u{t,x). 

In the case that A[x — ct) is replaced by a positive constant a (the same as in fll.2p h so the 
species is spreading in a favourable homogeneous environment, problem (II.3p was studied in 
[12], where a spreading-vanishing dichotomy was established. (See also [131IH] for ^ more 
systematic investigation of similar free boundary models in homogeneous environment of one 
space dimension.) Moreover, in the case of spreading, it is shown in [71 HE] that there exists 
Co = Co(li) such that h{t) — c^t converges to some constant as f —)■ -|-cxo, and 


lim max \u{t,x) — OcAhit) — x 

t^oo 0<x<h{t)' ^ ^ 0\ \ / 


0 , 


where (co,gco(0) is uniquely determined by 


f dq'A - mA + a^co - = 0, > 0 for ^ > 0; 

1 ?co(0) = 0, gco(+oo) = a/6, /ig',(0) = cq. 


Moreover, cq is increasing in /i and lim^^+oo co(/i) = 2'/ad (see my For comparison, let us 
remark that if one takes r(^) = A(^) in [22], then the constant c* in the earlier discussions 
takes the value 2\fad, which is the asymptotic spreading speed of an invading species deter¬ 
mined by fll.ip with the classical Fisher-KPP nonlinear term f = au — bu^ (see [21 HHl l20]). 

Using the techniques of ca, it is easily seen that (II.3p has a unique (classical) solution, 
which is defined for all t > 0. The long-time dynamical behavior of the pair {u{x,t), h{t)) is 
given by the following two theorems. 


Theorem 1.1. Let {u, h) be the unique positive solution of (II.3p . Suppose that 0 < c < cq. 
Then exaetly one of the following happens: 

(i) Vanishing: limt^oo h{t) = hoc < -l-cxo and 


lim 

t^OO 


max u(t^x) 

0<x<h{t) 


= 0 . 


(ii) Spreading: limi^oo h(t)/t = cq, and for any small e > 0, 


lim 

t^OO 


max 

{c-Ae)t<x<{l—e)h{t) 


\u{t, x) — a/b\ 

= 0, lim 


t^OO 


max u(t^x) 

0<x<(c—e)t 


= 0 . 


(iii) Borderline Spreading: limt^oo[h(t) — ct] = L^, and 


lim 

t^OO 


max \u(t, x) — V^(x — h(t) + LA\ 

0<x<h{t) I " ’ " "I 


= 0 , 


where L* > —/q and VAx) are uniquely determined by 

dVf + cV: + A{x)V, - bVf = 0, K > 0 forxe (-cx), L,), 
V(-cx)) = K(T*) = 0, -/iU;(L*) = c. 


( 1 . 6 ) 


If the initial function in fll.3l) has the form uo{x) = a(j){x) with some fixed 0 satisfying 
(ll.ip and a > 0 a parameter, then we will show that there exists uo G (0, -I-cxd] such that 
vanishing happens for a G (0,cro), spreading happens for a > uo, and borderline spreading 
happens for a = ao- Simple sufficient conditions can be found to guarantee that uo < -|-oo. 
The detailed statements of these results can be found in Section 4 below. 
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If c > Co, we show that vanishing always happens, as indicated in the following resnlt. 


Theorem 1.2. If c> Cq, then lim^^oo 

lim 

t—^OO 


hit) = 
max 

f)<x<h{t) 


hoo < +00 and 


u{t, x) 


= 0 . 


Remark 1.3. (i) In Theorem 11.11 case (ii), it is possible to use the techniques of [16] to 

show that hm 4 ^oo[h(t) — Cot] exists and is hnite, and 


lim max \uit,x) — Ocaihif) — x) 

t^oo (c+e)t<x<h{t) ' ^ ^ ov V y / 


0 . 


To avoid the paper becoming too long, we have refrained from doing this here. 

(ii) Compared with the phenomena revealed in [22] by using fll.ip . our Theorem 1 1.1 1 above 
captures some more varied long-time dynamical behaviors of the species for the case 
0 < c < Cq. For the case c > cq, our result here fTheorem 11.21) is paralelle to that for 
the case c > c* in H. 

(iii) It is interesting to note that in the case of favourable homogeneous environment 
considered in na, the long-time dynamical behavior of the species is governed by 
a spreading-vanishing dichotomy, while in the case of Theorem 11.11 the long-time 
dynamical behavior is determined by a trichotomy. Theorems 11.11 and 11.21 together 
clearly indicate that changing environments cause fundamental changes to the be¬ 
havior of affected ecological species. 

(iv) The trichotomy in Theorem 11.11 is similar in spirit to one of the main results in 
[T9] , where a free boundary problem with advection is considered in a homogeneous 
environment. 


There are several recent related work on the free boundary model in spatially inhomoge¬ 
neous environment (mostly for one space dimension or in a setting with spherical symmetry). 
In m, the case of periodic spatial environment is studied. Other types of heterogeneous 
spatial environments are considered in [2ll ES] |26] . In [lOlES], time-periodic environments 
are considered. See also the survey [9] for some further related research. 

The rest of this paper is organized as follows. In Section 2, we give the existence and 
uniqueness result for (11.31) . as well as results on several auxiliary elliptic problems, which 
will be used for proving the main results later. Section 3 is the main part of the paper, where 
we prove Theorem 11.11 through various comparison arguments, based on the construction of 
super-subsolutions, and on suitable applications of a zero number result of Angenent [1] in 
several key steps. In Section 4, we examine how the long-time dynamical behavior of (11.31) 
changes as the initial function is varied. Section 5, the final section, constitutes the proof of 
Theorem 11.21 


2. Preliminary results 

2.1. Existence and uniqueness. The following local existence and uniqueness result can 
be proved by the contraction mapping theorem as in na. 

Theorem 2.1. (Local existence) For any given Uq satisfying fll.ip and any a G (0, 1), there 
is aT > 0 such that problem (II.3p admits a unique positive solution 

{u,h) e C(^+“)/21+“(Zl^) X C'^+“/2 ([o,T]); 
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moreover, 

II“IIc(i+“)/2.i+“(Dt) + ll^llci+“/2([0,T]) ^ C*, 

where Dt = {(t,x) G : x G [0, t G [0,T]}, C and T only depend on ho, a and 
\\uo\\c^{[o,ho])- 

To show that the local solution obtained in Theorem 12.11 can be extended to all t > 0, as 
in [12], the following estimates are useful. 

Lemma 2.2. Let {u,h) be a positive solution to problem fll.Sp defined for t G (0,To) for 
some Tq G (0, +oo]. Then there exist constants Ci and C 2 independent o/Tq such that 

0 < u{t, x) < Cl, 0 < h'{t) < C 2 for 0 < X < h{t) and t G (0, Tq). 

Using Theorem 12.11 and Lemma [2.21 we can prove the following global existence result. 

Theorem 2.3. (Global existence) The solution of problem fll.3p is defined for all t G (0, 00 ). 

We omit the proofs of these results as they are easy modihcations of those in [T2] . 

2.2. Some auxiliary elliptic problems. In this subsection, we study several elliptic prob¬ 
lems for later use. In particular we will prove the existence and uniqueness of (L*,I4) 
appearing in fll.bp . 

Let Co = Co(/i) and qcoH) be given in fll.Sp . We assume throughout this subsection that 

0 < c < Cq. 

Lemma 2.4. Assume C G [0,2vW). Then for all large I > 0, the problem 

(2.1) dw" + Cw' + aw — bw'^ = 0 for — I < x < I, w{—l) = w{l) = 0 

admits a unique positive solution wi{x). Moreover, lim^^ooiTi(^) = f uniformly in any 
compact subset ofE}, and 

lim wfil) = -C/nc, 

l—^+oo 

where /ic > 0 uniquely determined by co{fic) = C. 


Proof. We dehne 

A = —and v(x) = 

vW 

Then fl2.ip is changed to the equivalent problem 


-€■2 W\ 

a 



for — I < X < I, 


Due to 0 < (7 < 2\/ad, we have 1 — A^/4 > 0 and hence for all large I, by a well-known 
result on logistic type equations (see, e.g.. Theorem 5.1 in [8]), problem fl2.2p has a unique 
positive solution vi, which in turn dehnes a unique positive solution wi for (12.ip . 

Now we choose an increasing sequence h < I 2 <■■■< C ^ 00 with li large enough so 
that Wn '■= wi^ is dehned for all n > 1. By the comparison principle (Lemma 2.1 in [T5]). 
we have Wn < Wn+i on {—In, In)- As any positive constant M satisfying M > a/b can be 


( 2 . 2 ) 

with 




-v" = (1 — ^)v — e 
v{—l) = v(pj = 0, 


I : = 
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used as a supersolution of fl2.ip . we see that Wn < a/h for all n. Thus, w^o = lirun^ooifn 
is well-defined on Furthermore, by the standard regularity considerations, we see that 
Wn —t Woo in C'/oc(®^) satisfies 

(2.3) - dw'^ - Cw'^ = awoo - bwl^, x e 

As Woo > Wn > 0 on {—In, In) for each n, we know that Woo is a positive solution of fl2.3p . 

By Lemma 2.1 in [15], we easily see Woo{x) > Wn{x + xo) on {—In — xo, In — xo) for arbitrary 
Xq. Hence, for any x G Woo{x) > max[_/^^;^] Wn = ||w„||oo for all n. Let u —)■ oo, we otain 
Woo{x) > lim^^oo ll^nlloo = ||woo||oo- Hence ^ 00 ( 2 :) = ||woo||oo for x G Mb By (ESj), Woo 
equals to a/b. So, lim^^oo (a;) = a/b uniformly in any compact subset of 

Dehne Ui{x) := wi{x + 1). From the proof of Proposition 2.1 in [7] we know that 

(2.4) Ui{x)^U^{x) in C;q^((— cx), 0]) as Z —)■ cx), 
and f/* is the unique positive solution of 

-dU" - CU' = aU - bU^ for x G (- 00 , 0], f/(0) = 0. 

Moreover, if cq{hc) = C*, then f/'(0) = —C/^c- Therefore 


lim w[{l) = lim [//(O) = H'(0) = -C/^c- 

I —^H~CX3 /— 


□ 


(2.5) 


The proof is complete. 

Next we consider, for I > 0 and L > —I, the logistic type problem 
dV" + cV + A{x)V - 61/2 = 0, L, 

V{-1) = V{L) = 0. 

Let Ai[—Z,L] denote the first eigenvalue of 

—d(j)" — c0' — A{x)(p = A0, —l<x<L, 

ct>{-l) = 4>{L) = 0. 

Then fl2.5p has a unique positive solution, which we denote by lb,L, if and only if Ai[—Z, L] < 0. 

Since A{x) = a for x > 0, and c G (0,co), we see from the phase-plane analysis for case 
(iv) in Section 3.2 of [19] (note that the Cq there is different from our cq here) that there 
exists a unique L(0) > 0 such that fl2.5p with Z = 0 and L = L(0) has a unique positive 
solution Vo satisfying 

-f.r„'(L(o)) = c. 

We also note that the equation 

dV + cV + A{x)V - 61/2 = 0 

can be rewritten in the form 

-{de^^V'y = e-^^{A{x)V - 61 / 2 ), 

and hence the comparison principle in [TS] can be applied directly to this equation. 


Lemma 2.5. {i) For each I > 0, there is a unique L{1) > —I such that fl2.5p with L = L{1) 
has a unique positive solution Vi satisfying —fiVi'{L{l)) = c; 

{a) The function I —>■ L{1) is decreasing, and L* := limi^oo-Z^(Z) > —Zq; 
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{ill) V^{x) := lim/^oo exists and it is the unique positive solution of 

{ dV" + cV + AixW -bV^ = 0 for - oo < x < L*, 

2.6 , 

\ \/(-cx)) = V{L,) = 0, -py\L,) = c. 

Proof. For any I > 0, since Ai[—Z,L(0)] < Ai[0,L(0)] < 0, fl2.5p with L = L{0) has a nniqne 
positive solntion By the comparison principle and the Hopf bonndary lemma, we 

have 

Vo{x) < Vi^Li 0 ){x) for a; e [0,L(0)) and < V'{L{0)). 

Hence 

> e. 

Since A{x — /) <, ^ A{x) for x G [0, F(0)], we have 

AiH,L(0)-/] > Ai[0,L(0)]. 

If Ai[-/,L(0) -/] < 0, then fl2.5p with L = L(0) — I has a nniqne positive solntion Vi^l{o)-i, 
and we can nse the comparison principle and the Hopf bonndary lemma to dednce 

-l)< Vo(n for X e (0,L(0)), V;T„,_,(i(0) - 1) > q(L(0)). 

Hence 

— 1) < C. 

If Ai[—/,L(0) — /] > 0, then we can hnd a nniqne L' G [F(0) — /,L(0)) snch that 
Ai[—/, L'] = 0. Thns for L G (L', h(0)) we have Ai[—/, L] < 0 and fl2.5p has a nniqne positive 
solntion Vi^l. Moreover, a well-known property of the logistic type eqnation indicates that 
II V/^l||c 2[-z,L] = 0. Hence —piVlj^{L) < c for L > L' bnt close to L'. 

Therefore whether Ai[—/,L(0) — /] < 0 or Ai[—/,L(0) — /] > 0, we can always hnd some 
L G (—/,L(0)) snch that —pVli^^L) < c. Since —/iVJ'^(g^(L(0)) > c, by the continnons 
dependence of on L, there exists L{1) G (L,L(0)) snch that 

Moreover, for L' < Li < L 2 < T(0), we can compare with + L 2 — Li) over 

X G [—/, Li], and use the comparison principle and Hopf Lemma, to deduce that > 

VIj^^{L 2 ). This implies that L{1) is uniquely determined. The proof of conclusion (i) is now 
complete. 

We next prove the hrst part of (ii). For convenience, we denote Vi = Vi^l{i)- Arguing 
indirectly, we assume that there are Zi > Z 2 ^ 0 satisfying Li := L{li) > L 2 := L{l 2 ). Denote 
Vi{x) = Vi^{x + Li - L 2 ), then 

J -dVf - cVi > A{x)Vi - -l 2 <x< L 2 , 

\ W(-/2)>0,I/i(L2) = 0. 

By the comparison principle we have 

Vi{x) > Vi^{x) for X G [-/ 2 ,T 2 ). 

By the Hopf lemma, Fj'(L 2 ) < V5'(L2) = —c//i, which contradicts V({L 2 ) = VJ'(Li) = —c//i. 
The hrst part of conclusion (ii) is now proved. 
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To prove the second part of (ii) and conclusion (iii), let {/„} be an increasing sequence 
that converges to oo. Denote := L{ln) and Wn{x) := Vi^{x + L„); then 

r dW; + cWl, + A{x + Ln)Wn - bW^ = 0, -ln-Ln<X< 0, 

I Wn{-ln - U) = Wn{0) = 0, <(0) = -c//i. 

We hrst observe that for any I > 0, L{1) > —Iq. Otherwise L{1) < —Iq for some / > 0. It 
follows that A[x) = oq < 0 for a; G [—/,L(/)]. If the maximum of Vi in [—/,L(/)] is attained 
at Xq G (—/,L(/)), then we arrive at the following contradiction: 

0 = dVi"{xo) + cV’ixo) + aoViixo) - bVi\xo) < -bV^{x^) < 0 . 

Hence we always have L{1) > —Iq and so L* := lim^^oo -hn > —lo- 

Since 0 < Wn{x) < a/b for all x G [—In — T„,0], by regularity arguments of elliptic 
equations and a standard diagonal process, there is a subsequence of {Hdi}, for convenience, 
still denoted by itself, such that 

Wn —)■ IT* in 0]), a/b > IT*(a;) > 0 for a; < 0 

and 

J dW/ + cWi + A{x + L,)W, - bW/ = 0 for a; < 0, 

I W:(0) =-c//i, IT*(0)=0. 

Since HT(0) = —c//i < 0, by the strong maximum principle, we necessarily have IT*(a;) > 0 
for X G (—cxD,0). Dehne T*(a;) := IT*(a; — L*); then T*(a;) satishes 

f dV” + cl/*' + A{x)V, - bV^ = 0, K > 0 for a; < L*, 

\ Vi{L,) =-c/ T*(L*) = 0. 

We claim that T*(a;) —)■ 0 as a; —)■ —oo. Obviously, by regularity arguments of elliptic 
equations and the dehnition of H, K G oo, L*]) and 

(2.7) dVi' + cVi>bV^ fora;<-/o. 

Therefore 

(ei"I/*')' > ^e3"I/*2 >0 for a; < -Iq. 
a 

Hence, e^^V/{x) is an increasing function in {—oo,—lo]. Since K is a bounded function, 
there exists {xn} satisfying Xn —t —oo such that 

V*{xn) —)■ 0 as n —)■ cxD. 


It follows that 


ed^V/{x) > lim ed^^V/i^Xn) = 0 for every x G (—oo, —Iq]. 

n^oo 

Therefore, we have T*(a;) > 0 in (— cxd, -Iq], and T*(a;) is increasing in (—cxd, -Iq]. This fact 
and T*(L*) = 0 clearly imply T* > -Iq. 

Denote fh := hma;^_oo V^{x); then clearly rfi > 0. If m > 0, then 

lim [dV"{x) + cV/{x)] = a := —aQfh + bm^ > 0, 

x^—oo 

from which we immediately obtain V^{x) —oo as a; ^ — cxd. This contradiction shows that 
rfi = 0. 
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Finally we note that due to conclusion (ii), L* = lim^^+oo-h(/) is uniquely determined. 
The uniqueness of K follows from the uniqueness of initial value problems of second order 
ODEs, since 14 can be viewed as the unique solution of the initial value problem 

dV + cV = bV'^ - A{x)V, V{L,) = 0, V’{L,) = -c//i. 

The proof is complete. □ 

Remark 2.6. Let us observe that for any I < 0, due to y4(^) = a for ^ > 0, Vi{x) := Vo{x + l) 
is the unique positive solution of (12. 5 p with L = L{1) := L(0) — I that satishes = c. 

From the proof of Lemma [2.51 it is easily seen that L{1) L{0) as I —>■ O’*". Therefore L{1) is 

a continuous and strictly decreasing function of I for I G with L(+oo) = L*, L(—oo) = 
+ 00 . 


( 2 . 8 ) 


Remark 2.7. Consider the following problem 

dW + cW + A{x)W - bW^ = 0, -I < x < L,, 

W{-1) = M, W{L,) = 0, 

where M = max{||Mo||oo 5 a/b}. By a simple super-subsolution argument, and the comparison 
principle ([IS]), fl2.8p has a unique positive solution Wi{x), M > Wi{x) > 14(x) in [— 
and Wi is decreasing in 1. By the regularity theory of elliptic equations, there exists a G (0,1) 
such that, as I —)■ -|-cx), 

IT, inC'/+“((-cx),L,]), 


and B4 satishes 


dWa + cIT: + A{x)W, - bWl = 0 in (-cx), L,]; 1T,(L,) = 0. 

Similar to the proof of Lemma 1?^ we can show B4(x) —)■ 0 as x —)■ —cx). We may then argue 
as in the proof of the comparison principle in [15] to deduce IT, = K- (So the uniqueness of 
T, can also be deduced from 14(—oo) = 0, instead of using 14(4,) = —c/fi.) 


The following result will be useful later in the paper. 


Lemma 2.8. For any given L < and —I < L, let Wi^l denote the unique positive solution 
of (12.81) with L, replaeed by L. Then for all sufficiently large I, 

-tiWlpi) < c. 


Proof. If the conclusion is not ture, then there is {In} converging to oo, such that 

-^^WipL) > c. 

By regularity arguments of elliptic equations, there exist a G (0,1) and a subsequence of 
{In}) for convenience still denoted it by itself, such that as n ^ cx). 


Then, it is easily seen that 


dW'f + cIT^ + A{x)Wl - bWl = 0, 
Wl{-oo) = Wl{L) = 0, 


and —p,Wf{L) > c. 


—oo < X < L, 
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Let V^{x) = V^{x — L + L*); then from A{x — L + LA) > A{x) we obtain 

dV” + cVi + A{x)V, - hV^ < 0 in (-cx), L). 

Since K(—oo) = iyL(—oo) = 0, as in the proof of the comparison principle in [15], we can 
show K > Wl in (—oo,L], and hence 

< -/iK'(L) = -)iV:{L^) = c. 

So, —jjW'^^L) = c holds. As before, we can show that W'j^{x) > 0 in (—cx),—/ q], which 
together with Wl{L) = 0 implies L > —Iq. Then K is a strict supersolution of fl2.9p . By the 
comparison principle, strong maximum principle and Hopf Lemma, we obtain K > Wl in 
(-cx),L) and Wi{L) > V;{L) = Vl{L,). Hence 

-- = LL'(L) > Vi{L,) = 

/i fi 

This contradiction hnishes the proof. □ 

3. The Trichotomy 

In this section, we will prove the following trichotomy result, which clearly implies Theorem 

o 

Theorem 3.1. Suppose that c G (0, cq) and {u,h) is the unique solution of fll.3p . Then 

(i) vanishing happens i/limsupj^oo[h(t) — ct] < L*; 

(ii) borderline spreading happens i/limsup^^go[/i(t) — ct] = L*; 

(iii) spreading happens z/hmsupj^oo[h(t) — ct] > L*. 

The proof of this theorem will take up the rest of this section, which is divided into four 
subsections. Unless otherwise specihed, throughout this section, we always assume that 

0 < c < Cq. 

3.1. Properties of h{t). In this subsection, we prove some important properties of h{t), 
which form the Conner stones in the proof of Theorem 11.11 Our arguments here are based 
on various comparison techniques, and following [H] and [T^], in several key steps we will 
make use of some zero number results derived from Angenent [T|. 

Lemma 3.2. //limsup[h(f) — ct] = oo, then lim [h{f) — ct] = oo. 

t —)-00 t —>00 

Proof. For arbitrarily given I > h^, dehne 

I(t) = [zi{t), Z 2 {t)] := [ct + l,ct + L(0) + [] 

and 

w{t,x) := Vo{x — ct— 1), t > 0, X & I{t), 
where Vq is the unique positive solution of fl2.5p with I = 0 and L = L(0). Obviously, 

Wt = dwxx + Ota — t > 0, ct + l<x<ct + l + L(0), 

w{t,zi(t)) = w(t,Z 2 (t)) = 0, t > 0, 

w(0, x) = Vo(x — 1), I < X < I + L(0), 

^ -jUWx(t,Z2(t)) =C, t > 0. 


(3.1) 
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Since limsupi^oo[/i(t) — ct] = oo, and /i(0) = ho < I = Zi{0) < 2 : 2 ( 0 ), and h(t) is continuous, 
we can find t > 0 such that h{t) = Z 2 (t). Denote the smallest such t hy ti. There must exist 
t 2 G (0, ti) such that 

h{t 2 ) = Zi{t 2 ) and Zi{t) < h{t) < Z 2 {t) when t G (^ 2 ,^ 1 )- 

Obviously, 

h'{ti) > Z 2 {ti) = c. 

Denote r]it,x) := u{t,x) —w{t,x), J{t) := [zi{t),h{t)] and let ■)) be the number 

of zeroes of rjit, •) in J(t). Since rjit, Zi(t)) = u(t, Zi(t)) > 0 and rjit, h(t)) = —w(t, h(t)) < 0 
for t G (t 2 ,^i), •)) > 1, and the zero number result of Angenent [T] (see Lemma 2.2 

in [iTj for a convenient version) can be applied. 

For all t > t 2 that is close to ^ 2 , by the Hopf lemma and continuity, Ux{t,x) < 0 and 
Wx(t,x) > 0 for a: G J(t). This implies r]xit,x) < 0 for such t and x G J(t). Therefore, for 
such t, ri{t, •) has only one zero in J{t), and it is a nondegenerate zero. Since by the zero 
number result •)) is nonincreasing in t for t G (^ 2 ,^ 1 ), the only possible case is that 

ri{t, •) has exactly one zero for every t G (^ 2 ,^ 1 ); the zero number result further implies that 
this zero is nondegenerate. So, the zero of in (t 2 ,ti) can be expressed as a smooth 

curve X = z(t). 

We claim that z(t) converges to h(ti) when t increases to ti. Clearly, 

Ziiti) < x* := hminf; 2 (f) and x* := limsup^(t) < h{ti). 

If x* < x*, then it is easily seen that 7]{ti,x) = 0 for x G [x*,x*]. We may apply Theorem 2 
of [IT] to r] over the region [fi — e, ti] x [zi{ti + e), h{ti — e)], with e > 0 sufficiently small, to 
conclude that r]{ti,x) = 0 for x G [z\{ti + e), h{ti — e)]. Letting e —)■ 0, we have rjiti^x) = 0 
for X G [zi(ti), h(ti)], which contradicts rjiti, Zi(ti)) > 0. Therefore z(ti) := lim^^^- 2 :(f) 
exists. 

By way of contradiction, we assume z{ti) < h{ti) = cti + L(0) + 1. Consider //(t, x) in the 
domain 

{(f,x) : z(t) < X < h{t), t 2 < t < ti}. 

By the maximum principle and Hopf lemma, we have 

T]{ti, x) < 0 for X G {z{ti), h{ti)), 77 (^ 1 , h{ti)) = 0 and rix{ti, h{ti)) > 0. 

The last inequality implies that 

h{ti)) < -pw^(ti, cti + L( 0 ) + 1) = -/il/o'(L( 0 )), 

that is 

h'{ti) < c, 

which is in contradiction with our earlier inequality h'{ti) > c. This proves z{ti) = h{ti). 

We may now use the maximum principle to rjit^x) over {(t,x) : ^2 < ^ < x < 

z(t)} to deduce 

u(ti,x) > w(ti, x) for X G [cti + /, cti + / + -h(O)). 

Hence we can easily see, by the comparison principle for free boundary problems (see m), 
that 

u{t + ti, x) > w{t + ti, x) for t > 0 and x G ( 2:1 (t + ti), Z 2 {t + ti)). 
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and 

h{t + ti) > Z 2 (t + ti) for all f > 0. 

So for any t > ti, 

h{t) — ct >l + L{0). 

Since I can be arbitrarily large, this implies limt^oo[h(t) — ct] = oo. □ 

Lemma 3.3. //limsup[h(f) — ct] = oo, then lim ^ = cq. 

t^OO t—>-oo 

Proof. Since A{x — ct) < a, by the comparison principle and estimate of spreading speed in 
[12], we have 

, h{t) 

hmsnp-< Cq. 

t—>-00 t 

Therefore, for onr aim here, it snffices to show that 

(3.2) liminf—^>c VcG(c, Cq). 

t^OO t 

We now set to prove fl3.2ll . For any given c G (c, cq), as in Section 2 above, by the phase- 
plane analysis in [IS], there exists a nnique pair (L, V{x)) with V{x) >0 in (0, L) snch that 
fl2.5p is satished with I = 0 and {c,L,V) = {c,L,V). By the strong maximum principle, 
there exists e > 0 such that 

(3.3) V(x) < ^ — e ioT 0 < X < L. 

By Lemma [2.41 for all sufficiently large I, 

f dw" -|- cw' + aw — bw"^ = 0, —l<x<l, 

w{—l) = w{l) = 0 

has a unique positive solution wi, and wi —)• a/h uniformly in any compact subset of (—oo, oo). 
So, there exists I > L such that 

. \ a i c ^ ^ 

wjix) > - — e/2 tor- < x < —. 

’ b ' 2 - - 2 

Denote '0*(^) = — /); then 

J d^|J" + cip'^ + aip,, — bfjl = 0, 0 < a; < 2[, 

\ i/,(0) =i/,(20 =0 

and 

(3.4) 'ip^{x) > - — e/2 ioi I — — < X <l + —. 

For any i/o £ ^*^([0,2/]) satisfying 'iPq{x) > 0 for x G (0,2/), and V’o(O) = 'ipo{2.l) = 0, the 
auxiliary initial boundary value problem 

{ ipt = d'lpxx + cipx + atp — t > 0, 0 < X < 21, 

'il!{t,0) = ijj{t,2l) = 0, t > 0, 

-0(0, x) = i/oix), 0 < X <21 

has a unique positive solution i/(f, x; i/o); and it is well known that 

'ip(t,x]'ipo) 'i/*{x) uniformly as f —>■ oo. 
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By (13.41) . there exists T = T('0o) such that when t>T, 

(3.6) > ^ - e ioi I - ^ < x <l + ^. 

Now, denote v(t,x) := u(t,x + ct) and g(t) := h{t) —ct. Due to limsupi^oo[/i(t) —ct] = oo 
and Lemma [3.21 there exists Ti > 0 such that g{t) > 21 for all t > Ti. We also have 

{ Vt = dvxx + cvx + av — bv'^, t > Ti, 0 < x < g{t), 
v{t, 0) > 0, v{t, g{t)) =0, t>Ti, 
v{Ti,x) = u{Ti,x + cTi), 0<x<g(Ti). 

Therefore if we have chosen 'ipQ in (13.51) satisfying 0 < ^ + cTi) for 0 < a: < 21, 

then by the comparison principle, 

x; 'ipo) < v{t + Ti, x) for t > 0 and Q < x <21. 


By virtue of (13.6p . we have 

(3.7) v{Ti + T,x) > ^ — e when I — ^<x<l + ^. 

Denote Tq = T + Ti, and we obtain, from 


m(To, x) > - — e for / + cTq — — < x < I + cTq + ^ , 


Now we set 


u{t, x) := V{x — ct — I — cTq + —), 


Clearly 


^i{t) ct + I + cTq — —, ^2it) ct + I + cTq + —. 
U-t = d,Uxx + au — by^ for f > 0, ^i{t) < x < ^2it), 


u{t,^i{t)) =u{t,^2{t)) = 0 , 

-mxi't,^ 2 {t)) = c = ^'(f), 

.^i(O) > cTo, ^2(0) < h{To), 

and 

;u(0, x) = V{x — I — cTq + -)<-— e < m(To, x) when .^i(O) < x < ^ 2 ( 6 ). 

^ u 

By the comparison principle, 

(3.8) ^(t + To,a;) > M(f,a;) for t > 0, a; e [.^i(f), .C 2 (^)], 

and 

h{t + To) > ^ 2 {'t) = ct + I + cTq + ^ for all f > 0, 
which implies (13. 2p . □ 


Lemma 3.4. //hmsupj^oo[h(f) — ct] = H* and < H* < 00, then lim [h(f) — ct] = H*. 

t^OO 
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Proof. It suffices to show that for any r G (0, H* — L*), h{t) —ct> H* — r for all large t. We 
now hx an arbitrary r G (0, H* — L^). Since limsup 4 ^oo[h(t) — ct] = H*, there exists Tq > 0 
such that 

/i(To) - cTo 

Due to H* — r > L*, by Remark [231 and Lemma [2751 there exists a unique pair (/*, such 
that L{lf) = H* — T and 

r dV” + cv;' + A{x)Vi^ - bVil = O, id, > O for a: G (-/*, i/* - r), 

I ld.(-/*) = VUH* - r) = 0, - r) = c. 

Claim 1: There exists T >Tq such that h{t) — ct > —/* when t >T. 

Otherwise, due to limsupj^oo[h(t) — ct] = H*, there exist t 2 > ti > T such that 

h{ti) - cti = -/*, h{t2) - ct2 = H* - T 

and 

—U < h{t) — ct < H* — T for t G (fi, t 2 ). 

Set u(t, x) := u(t ,x + ct). Then, 

Vt = dvxx + cvx + A{x)v — hv^ for f > 0, —ct < x < h{t) — ct. 

Similar to the proof of Lemma 13.21 by using the zero number argument and suitable com¬ 
parison principles, we can prove 

v{t 2 ,x) > Vi^{x) for — U < X < H* — T, 

that is 

u{t 2 , X + ct 2 ) > Id, (x) for — /* < a; < H* — t. 

To stress the dependence of U on c, we now write U = h,c, with ld.,c understood 

accordingly. By the Hopf lemma and continuity, there exist small d > 0 such that 

u{t 2 ,x + ct 2 ) > Vi^^^^g{x) for x G [-h^c+ 5 ,H* - t). 

We now dehne 

u{t,x) := Id*,,+5(2: - ct 2 - {c + 6)t), 

fi{t) = {c + 6)t ct 2 - h,c+5, 

^ 2 {t) = (c -f- 6)t + ct 2 + H* - T. 

Then for f > 0 and x G {^i{t),^ 2 {t)): 

= du^^ + A{x — ct 2 — (c -|- 5)t)u — byf 
< dy^^ + A{x — c{t + t 2 ))u — bi^ ^ 

=u{t,f2{t)) = 0 , 

-yu^{t,i2it)) = c+5 = i'.^{t) 

and 

M(0,a;) < u{t 2 ,x) for x G [6(0), 6(0)]- 

Applying the comparison principle to {u{x,t 2 + t), + 6) ^^0 {u{x,t),^ 2 it)) over {{x,t) ■ 

X G [6(^),6(^)],^ > 0}, we obtain, for f > 0, 

u{t 2 + t,x) > u{t, x) for X G [6(6; 6(6] 
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and 

h{t + t2) > 

But this last inequality is in contradiction with linisup^^oo[h(t) — ct] = H* < oo. We have 
thus proved Claim 1. 

Claim 2: There exists > T such that 

h{t) — ct > H* — T for all t > T^. 

Since r > 0 can be arbitrarily small, this claim clearly implies the validity of the lemma. 

Suppose the claimed conclusion is not true. Then, in view of limsupi^oo[h(f) — ct] = H*, 
the function [h{t) — ct] — {H* — r) changes sign inhnitely many times as t increases to oo. 
We are going to use this fact to derive a contradiction. 

Define 

'r]{t,x) := u{t,x + ct) - Vi^{x), 
l{t) := min{h(f) — ct, H* — r} and I{t) := [—Z*, l{t)], 
and let Zj^f){ri{t, •)) denote the number of zeros of ri{t, •) over lit). 

Clearly 

Vt - drj^x - crjx = -b[uit,x + ct) + (t)] j rj, 

and for all large t such that —Z* + ct > 0 , we have 

r]it, -k) = uit, -U + ct) > 0. 

Moreover, rjit, lit)) = 0 if and only if [hit) — ct] — (if* — r) = 0. 

Following an approach used in [H], we now examine the value of Zj(^t)iriit, ■)) near any 
t where Zi(Z) — ct crosses or touches the value H* — r. Choose si > sq > T such that 
—Z* + csq > 0 and 

(3.9) — h < his) — cs < H* — T for s E [sq, Si), Zi(si) — csi = H* — r. 

Then 

7]it, -h) = uit, -h + ct) > 0, rjit, lit)) = -Vi^ihit) - ct) <0 for t G [sq, Si). 

Hence we can use the zero number result (Lemma 2.2 in [H]) to conclude that ^/(^^(//(s, •)) 
is finite and nonincreasing for s G (so,Si), and each time a degenerate zero appears in I is) 
for riis,-), the value of 2 ^/(s)(? 7 (s, •)) is decreased by at least 1. So, in the interval (so,si), 
there can exist at most finitely many value of s such that //(s, •) has a degenerate zero in 
/(s). Thus, we can choose Si G (so,Si) such that for each s G [si,si), rjis,-) has only 
nondegenerate zeros in I is). Due to the nondegeneracy, the zeros of rjis, •), with s G [si, Si), 
can be expressed as smooth curves: 

X = 7i(s), ■ ■ ■,x = 7m(s), with - Z* < 7 j(s) < 7 j+i(s) < Z(s) for Z = 1, 2, • • •, m - 1. 
Similar to the proof of Lemma [3.21 we can show that the following limits exist: 

xi= lim_ 7 i(s), • • = lim_ 7 ^(s). 

S — S — 

If Xi < Xi+i, then riisi,x) 7 ^ 0 for x G (xj,Xj+i), which follows from the strong maximum 
principle applied to the region Di := {(Z, x) : 7 j(Z) < x < 7 j+i(Z),si <t < Si}. Moreover, as 
in the proof of Lemma 13.21 we can also prove 

Xm = H* — T = Zl(si) — CSi. 
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Now, denote the zeroes of rj^si, •) in /(si) hj yi < y 2 < ■ ■ ■ < ymn where mi <m,yi> — 
and ymi = H* -t. 

Case 1: If rj{si,x) > 0 for a; G (i/mi-i, i/mi), we show that there exists S 2 > si such that 
h{t) — ct > H* — r for t G (si, S 2 ]. 

Indeed, in this case, for hxed x G (i/mi-i, from r]{si,x) > 0 , by continuity, we can 
find S 2 > Si close to si such that 

ri{s,x) > 0 for s G [si,S2]. 

We may then compare {u{t, x), h{t)) with (VJ, {x — ct), ct+H* —r) by the comparison principle 
for free boundary problems (ca) over the region 

n := {{x,t) : ct + X < X < ct + H* — T, Si < t < S 2 }, 

to conclude that 

h{t) > ct + H* — r, u{t, x) > Vi^{x — ct) in hi. 

Hence h{t) — ct > H* — r for t G (si, §2]. 

Case 2: If rj^si, x) < 0 for x G i/mi), we can similarly show that there exists S 3 > si 

such that h{t) — ct < H* — r for t G (si, S 3 ]. 

Thus if we denote S 2 = S 2 when case 1 happens, and S 2 = S 3 when case 2 happens, we 
always have 

r]{t,x) 7^ 0 for X G dl{t) = {-C,l{t)}, t G (si,S2]. 

Moreover, we can hnd ei > 0, €2 > 0, both sufficiently small, such that 

r]{t, l{t) - 62 ) 7^ 0 for f G [si - Ci, S 2 ], 

and 

(3.10) r]{t, x) 7^ 0 for f G (si, S 2 ], x G [l{t) - 62 , l{t)]. 

Thus we can apply Lemma 2.2 of na to conclude that 

Z[_;^_;(i)_e2](?7(t, •)) is huite and nondecreasing for f G (si — ei, S2], 

and its value is decreased by at least 1 whenever r](t, •) has a degenerate zero in [—/*, /(t) — € 2 ]. 
This implies, in particular, that there can exist at most finitely many t G (si,S2] such that 
ri{t, •) has a degenerate zero in [—/*, l(t) — 62 ]. Hence we can find S 2 G (si, S 2 ] such that r](t, •) 
has only nondegenerate zeros in [—/*, l{t) — € 2 ] for f G (si, S2]. As before, for f G (si, S2], we 
can respresent the nondegenerate zeros of r]{t,-) in [—/*, l{t) — 62 ] by 

7i(^) < l2{t) < ... < %(t), 

and each 7i(t) is a smooth function for t G (si,S2]. Moreover, Zi := lim^^^+7j(f) exists for 
each i G {1, ...,p}, for otherwise w{si, •) would be identically zero over some interval of x, 
contradicting to what we know about tc(si, •). Furthermore, Zi < Zi+i for i G {1, ...,p — 1}, 
since otherwise we may apply the maximum principle over the region Ai := {{x,t) '■ li{t) < 
X < 7j+i(f), Si < t < S2} to deduce tc = 0 in Aj. Therefore zi < ... < Zp are different zeros of 
//(si, •) in [—Z*, Z(si)—62]. It follows immediately that { 5 * : 1 < i < p} C {yj : 1 < j < mi — 1} 
and hence p < mi — 1. In view of (13.101) . we have 

Zi(t){Tl{t, •)) = ■))=P<mi-lioit^ (si, S2]. 


Recalling that 


Zi{t){ri{t, •)) = m for t G (si,Si), 
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and 


•)) =mi<mfoYt = Si, 

we see that the value of •)) is decreased by at least 1 when t increases across Si, 

and Si is an isolated zero of the function [h{t) — ct] — {H* — r). 

We now observe that if fl3.9p is changed to 


h{s) — cs > if * — r for s G [sq, Si), h(si) — csi = H* — t , 

then the above arguments carry over and we also obtain the conclusion that •)) is 

decreased by at least 1 when t increases across Si, and Si is an isolated zero of the function 
[h{t) — ct] — {H* — t). The only point that requires extra attention is the following: We need 
to show ■)) > 1 for i G (so,Si]. Otherwise we can use the comparison principle for 

free boundary problems to show that h{t) > ct + H* — r for i > si and u{t, x) > Vi^(x — ct) 
for a; G [cf —h, ct + H* — r] and t > si, which is in contradiction to the fact that the function 
[h{t) — ct] — {H* — t) changes sign inhnitely many times as f —)■ +cxo. 

By repeating the above process we can hnd a sequence sq < si < S2 < ... < Sn < < ... 

such that 

(i) h{t) — ct = H* — r for f G {sn : > 1}, h(t) — ct ^ H* — r for t E U„>i(s„, s„+i), 

(ii) Zj(^t){r]{t, •)) is hnite and nonincreasing for t G [sq, hm„^oo Sn), and 

(hi) 0 < •)) < ^/(^i)(h('Si, •)) -nfoite (s„, s^+i). 

Here to guarantee that inhnitely many such exist, we have used the fact that the function 
[h{t) — ct] — {H* — t) changes sign inhnitely many times as t —?• oo, 

Letting n —)■ cxo in (iii), we deduce (17(51, •)) = +00, a contradiction. This completes 
the proof. □ 


The following result indicates that the situation described in Lamma 13.41 actually can 
never happen. 


Lemma 3.5. If H* := hmsupj^oo[h(i) — ct] < 00 , then H* < L* 


Proof. Suppose that the conclusion is not true, i.e., H* G (L*,cxd). Then we can apply 
Lemma 13^ to conclude that hmi^oo[h(t) — ct] = H*. Choose a sequence satisfying 
—>■ 00. We dehne 

g{t) := hit) — ct, w{t, x) := u{t, x + h{t)), f > 0, x < 0, 

Wn{t, x) := w{t + tn, x), g^it) := g{t + t„), hn{t) := h{t + f„). 


Then 




(3.11) ^ 


dt dx"^ 

+A{x + gn{t))Wn - hwl, t > -tn, -hn{f) < X < 0, 

'^nit, 0) 0, t ^ tr/^l, 

dWn , , , , , 

-h-^(CO) =c + g^{t), 


t > -t„. 


By Lemma 12.21 {wn} and {g'n} are bounded in the L°° norm. By the estimates and 
Sobolev embeddings, and a standard diagonal process, there exists a subsequence of {tCn}, 
denoted still by {wn} for convenience, such that 

l-j-Q; /• 1 


Wn^win Ci^l 


(M^ X (—oo, 0]), 














18 


Y. DU, L. WEI AND L. ZHOU 


where a G (0,1). By virtue of the third identity in fl3.1ip . we have 


Since 


9n{t) ■= 0) - c in (R^) as n ^ oo. 


9n{t) = 9n{0) - / 9'n{s)ds, 


letting n —)■ oo, we have, in view of hm„^oo 5'n(^) = hms^oo[h(s) — cs] = H*, 

H* = H* - [ ^{s)ds. 

Jo 

So for any t G R^, fg^(s)ds = 0, which implies ^ = 0. Now we see that w satisfies 
' ^ + ehi + «6 R.,-oo<x<0. 


(3.12) 


dt dx^ dx 
w{t, 0) = 0, 
dw 

= c, 


1 


f G B 
t G R^ 


Since > 0 and Wx{t,0) = —c//i < 0, by the strong maximum principle we must have 
w{t, x) > 0 for f G R^ and x < 0. 

Since H* > L*, by Lemma 12.51 and Remark 12.61 there exists Z* such that L(Z*) = H*. 
Fix I > Z* and let cj) G C'o([— Z — H*,0]) be a nonnegative function satisfying 0^0 and 
0(x) < m)(0,x) on [—Z — H*,0]. Let u^(t,x) denote the unique positive solution of 

Ut = duxx + cux + 24(x + H*)u — bu^, t > 0, —I — H* < x < 0, 

(3.13) \ u{t,-I-H*)=u{t,0) = 0, t>0, 

m(O,x) = 0(x), X G ^ — iL*, 0]. 

Since Ai[—Z,if*] < Ai[—Z*,iL*] = Ai[—Z*, L(Z*)] < 0, by standard result for logistic equations 
we have 

M0 —>■ M* in Z — H* ,0] as Z —)■ oo, 

where n* is the unique positive solution of 

u" + cu'^ + A{x + H*)u^ — bul = 0, —I — H* < X < 0, 

u^{—l — H*) = M*(0) = 0. 

Moreover, since Z > Z*, by the comparison principle we hnd that m*(x) > V/^(x + H*) for 
X G [—Z* — iL*, 0). We may then apply the Hopf boundary lemma to deduce 

u'M<Vi{H*) = Vi{L{U)) = -c/ii. 

On the other hand, we may use the comparison principle to fl3.13|) and fl3.12p to obtain 
110 < ih for Z > 0 and x G [—Z — iL*, 0], and it follows that 

-^ = §^(l.0)<^(l.0)fori>0, 

P OX ox 

Letting Z —)■ oo, we obtain 

<(0) > -c//i, 

which contradicts m(( 0) < —c//i. The proof is complete. □ 


Lemma 3.6. //hmsupj^oo[Zi(Z) — cZ] = L*, then limt^oo[Zi(Z) — cZ] = L*. 
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Proof. It suffices to show that 

hr* := liminf[h(t) — ct] = L*. 

Otherwise, ih* < L*. It follows that, for any L G (ih*,L*), the function h{t) — ct — L changes 
sign inhnitely many times as f —)■ cxd. Similar to the proof of Lemma 13.41 we are going to 
derive a contradiction from this fact. 

Fix Lq G (ih*, L*). By Lemma [2781 there exists large I > 0 such that 

< c, 

where Wi^l{x) denotes the unique positive solution of (12. 8 p with L* replaced by L. Clearly 
= lid, the unique positive solution of (12.Sh . By the choice of M in (12. 8 h and a simple 
comparison argument, we easily see that Wi{x) > V^{x) for x G [—/,L*). By the Hopf 
boundary lemma, we obtain 1F/(L*) < Vl{L^) = —cjii. Therefore 

> c. 

By the continuous dependence of on L, we see that there exists L G (Lo,L*) such 

that 

-tiWUd) = c. 

Let us observe that due to the choice of M, we have u{t, x) < M for f > 0 and x G [0, h{t)]. 
We now dehne 

7]{t, x) := u{t, xPct)- 
l{t) := min{h(f) — ct, L} and I{t) = [—1, 

Then for large t, say t > Tq, we have x + cf > 0 for x G /(f) and hence 

ri{t, —1) = u{t, —l + ct)—M< 0. 

Moreover, rjit, l(t)) = 0 if and only if h{t) — ct — L = 0. Since h{t) — ct — L changes sign 
inhnitely many times as f —)■ +cxo, we may repeat the arguement in the proof of Claim 2 of 
Lemma 13.41 to derive a contradiction. The details are omitted. □ 

3.2. The case of spreading. We start by giving some sufficient conditions for 

lim [h{t) — ct] = +CX3. 

t^OO 

Let Vo be the positive solution of (12.bh with I = 0 and L = L(0), so that we have 

-fiU'(L(0)) = c. 

Lemma 3.7. Suppose there exists fo > 0 such that 

(3.14) h{to) — cto > L{0) and u{to,x) > Vo(x — cto) for x G [cfo,cfo + -h(O)]. 

Then lim4^oo[h(f) — ct] = +oo. 

Proof. Dehne 

fi{t) := c{t + to), 6(^) := c{t + to) + L{0) for t > 0, 

and 

;u(f, x) := Vo(x — c{to + t)) for f > 0 and x G ['Ci(f), 'C2(^)]- 
Clearly u satishes 

Ut — duxx = au — bu^ for f > 0, x G [Ci(f), ^2(f)], 
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and 

=u{t,^2{t)) = 0 , 

^2^ = c = -fiVoiLiO)) = 

Hence in view of (I3.14p . and u(t,^i{t)) > 0, and A{x — c(to + t)) = afoi x E ^ 2 (^)] and 
t > 0 , we can use the comparison principle for free boundary problems to obtain 

h{t + to) ^ ^ 2 it) for t > 0 

and 

u{t + to, x) > u{t, x) for t > 0 and x G (.^i(t), ,^ 2 (^))- 
Since M(t,,^i(t)) > 0 = M(t,.^i(t)), by the strong maximum principle we further obtain 

u{t + to, x) > u{t, x) = Vo{x - c(to + t)) for t > 0, x E ( 6 (^), 6 W), 

and 

h(t + to) > ^ 2 it) = c{t + to) + L( 0 ) for t > 0 . 

To stress the dependence of L(0) and Vq on c, we now rewrite them as L(0) = Lf.{0) and 
hb = Vb,c- Then by the Hopf lemma and continuity of (Tc(0), Vb,c) on c, for hxed to > to, we 
can hnd c > c but very close to c, such that 

h(to) > cto + Lc{0) 

and 

w(to, x) > Vb,c(a^ — cto) for cto < a; < cto + Tc( 0 ). 

We may now repeat the above comparison argument, but with (to,c) replaced by (^,c), 
to deduce that 

h{t + io) > c (t + to) + Lc{0) for t > 0 , 

and 

u{t + to, x) > Vb,c(x - c(t + to)) 

for t > 0, c{t + to) < X < c(t + to) + Lc{0). We thus obtain limt^oo[h(t) — ct] = cxo. □ 

Remark 3.8. Let us note that if we take to = 0 in fl3.14l) . then this sufficient condition is 
reduced to a condition on the initial values of (11.31) : 

(3.15) h(0) > L(0) and u{0,x) > Vo{x) in [0,L(0)]. 


Theorem 3.9. If \imsup^^^[h{t) — ct] > L*, then limt^oo h(t)/t = cq and for any given 
small e > 0, 


(3.16) 
and 

(3.17) 


lim sup u(t,x) 

t^+oo 0<x<{c-e)t 


0 , 


lim 


sup 

1 

e U 

1 

{c-\-e)t<x<{l—e)h{t) 

u 


0 . 


We will prove (I3.16p and (13.171) separately. In fact, for later applications, we will prove 
in Lemma 13.101 below a slightly stronger version of fl3.16p without using the assumption 
hmsup^^oo[/i(t) — ct] = oo. Moreover, different from the rest of this section, the assumption 
0 < c < Co is also not required in Lemma 13.101 
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Lemma 3.10. Suppose c > 0 and {u, h) is the unique solution of fll.3p . For M > 0 define 

e(M) := limsup sup u{t,x) 

t^oo _0<x<ct—M 

Then limM^ooe(M) = 0. Here we understand that u{t,x) = 0 for x > h{t). 

Proof. Let us define 

X iu{t,x), t>0,x>0, 

u(t,x) = < ^ 

—x), t > 0, a: < 0. 

Then u satisfies 

Ut — duxx = ^{\x\ — cf)u — bifi, t > 0, X E {—h{t), h{t)), 
u{t, —h{f)) = u{t, h{f)) = 0, t > 0. 

Suppose that = 0 does not hold. Then there exist cxo > 0 and a sequence 

Mn —t oo such that > ctq for all n > 1. Therefore we can hnd a sequence of points 

(fn, Xn) satisfying —)■ oo and Xn E [0, — M„] such that 

u(tn^ aijj) > Cq. 

Set 

Tn • 

and for 0 < t and x E (1 [ — h{t + Tn) — Xn, h{t + Tn) — Xn), dehne 

Unit, X) := U{t + Tn,X + X^). 

Obviously, 

Mn 2 

tn Tn ~r, t OO, Tn P. t OO, 

3c 3 

and for 0 < f — Tn and < x < we have 

, , / ^ Mn , , Mn 

\X + Xn\ - C{t + Tn) <— + - Mn - Cr„ =-—. 

2 0 

Hence for all large n, y4(|a; + xfi — c{t + r„)) = oq, and nn(^, x) satishes, for 0 < f < fn — r„ 

and X E (-^, O ( - h(f + Tn) - Xn, h{t + Tn) - Xn) , 

dVn jd'^Vn , 2 

- = aoVn - bVn, 


3c ’ 


dt dx'^ 


and 


Xnifn Tn; 0) u(tn^ Xn) ^ (Tq. 

Set Mq := max{a/b, || mo || oo } and let vi be the unique positive solution of the following 
initial-boundary value problem 

{ Vt — dvxx = —bv‘^, t > 0, —I < X < I, 

v{t, —1) = v{t, 1) = Mq, t > 0, 
n( 0 ,a:) = Mq, —l<x<l. 

Then, vi(t, ■) converges to v* uniformly in [—/,/] as f —>■ oo, where nf is the unique positive 
solution of 

dvxx = bv‘^, 
v{-l) = v{l) = Mq. 


—l<x<l, 
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Using Lemma 2.2 in [15], we have lim^^+oo nf (a:) = 0 uniformly in any compact subset of 
Fix large I > 0 such that v^O) < cro/2. Then, we choose large to > 0 such that for t > to, 
vi(t,0) < (To- A simple comparison consideration yields u < Mq. Hence for all large n such 
that Mn/2 > Z, we can compare Vn with vi by the comparison principle to obtain 

Un(t, x) < Vi{t, x) for 0 < t < t„ — Tn, X G [—Z, Z]. 

Since t^ — ^ cx) as n —)■ oo, we have tn — Tn > to for all large n, and hence 

h(t„, Xn) = Vn{tn “ 'Ll, 0) < Vi{tn - Tn, 0) < do for all large n, 
which contradicts u{tn,Xn) > Cq. This completes the proof. □ 


Proof of Theorem 13.91 By Lemma [3.51 we necessarily have limsup^^oo[Zi(t) — ct] = +cxd. 
Hence we can apply Lemma 13.31 to conclude that liiUi^oo ^ = co, and (I3.16p is clearly a 
consequence of Lemma 13.101 

It remains to prove (I3.17jl . and this will be accomplished by an indirect argument. Suppose 
that there exists do > 0 such that for some small cq > 0 and some sequence of points (t„, Xn) 
satisfying fo -)■ oo, G [(c + eo)fo, (1 - eo)h{tn)], we have 


|'u(tn, Xn') ^ I ^ do. 


Choose (5 > 0 small so that 


eo 


eo 


1 ——<(1 — <^)(l —tIj c+ — >(1 — 5)(c + 


eo 


eo 


Then dehne 


'Yn ■ (1 ^'jtn, 

Qn := {(t,x) : 0 < t < tn -7n, -^tn <X < ^Zl(tn)}, 


and 


2 2 
Vn(t, x) := u{t + Jn,X + Xn) for (t, x) G ^n- 


Then we have 
(3.19) 

Moreover, for (t, x) G fin, 


\vn{tn - 7 n, 0) - t| > 0-0 for all n. 
b 


X + Xn-C{t + 7n) > ~tn + (c + eo)tn - Ctn = ^tn OO, 

and in view of our choice of 6 and the property lim^^oo h(t)/t = cq, we also have, for all large 
n, 

(3.20) x + Xn< ~ y) ~ y) ~ t) 

(3.21) X + Xn> (c+^^tn> (c+^^-fn. 

Therefore, for (t, x) G Hn with large n, 

A{x + Xn- c{t + 7 n)) = a 

and Vn satishes 

dVn ,d‘^Vn , , 2 

= r + aVn — bv„. 


dt dx‘^ 
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We recall that the comparison principle gives u{t,x) < w{t) for t > 0 and x G [0,h(t)], 
where w{t) is the solution of the problem 

^ = aw — bw'^, t > 0; w{0) = M. 


Since limi^ooip(^) = f, we deduce 
(3.22) 

In view of fl3.19p . this implies 


x) < — uniformly for x G [0,h(f)]. 


(3.23) 


Vn{tn - 7n, 0) < 7 - (To for all large n. 
b 


Now, choose large I satisfying wf{0) > a/b — ao/2 (see [ 8 ]), where w* is the unique positive 
solution of 

—dw" = aw — bw'^, —l<x<l, 

w{—l) = w{l) = 0 . 

Fix such an 1. For all large n we have ^tn> I and 

+ aVn — Q < t < tn — 7n, —1<X<1, 


dt dx^ 

(3.24) {vn(t,-l) > 0, Vn(t,l) > 0, 0<t<tn-Jn, 

Vni0,x) = u{'yn,X + Xn), -I < X < 1. 

We will show that, there exists /3 > 0 such that for all large n, say n > uq, we have 

(3.25) w( 7 n, X + Xn) > /9 for — I < x < 1. 

Assuming fl3.25p . we now derive a contradiction. Let wi(t,x) be the unique positive solu¬ 
tion of 

{ Wt = dwxx + aw — bw‘^, f > 0 , —l<x<l, 

w{t, —1) = 0, w{t, /) = 0, f > 0, 

tn( 0 ,a:) = /3, —l<x<l. 

Since wi{t^ •) converges to Wi uniformly as f —)■ oo, there exists T* > 0 such that 


(3.27) 


fodt, 0 ) > -— (To when t >T^. 
b 


Due to fl3.25p . we can apply the comparison principle to (13.241) and (13.261) to conclude that 

Wl{t, x) < Vn{t, x) for 0 < t < tn — 7n, —1<X<1. 

In view of — 7 „ ^ oo and (I3.27p . we thus obtain 

Vnitn - 7n, 0 ) > Wiitn “ 7n, 0 ) > 7 - (To for all large n, 

b 

which contradicts (13.231) . 

To complete the proof of the theorem, we still have to show (I3.25p . This will be done by 
a careful examination of the proof of Lemma 13.31 We hrst observe that for all large n, 

[- 1 , 1 ] C 


■jtn, ^h{tn) 


and hence by (I3.2np and (I3.2ip . we have 

(3.28) ^ j Jn ^ X + Xn < (^1 “ ^ j Co7n for X G [—/, /] and all large n. 

To prove (I3.25p . we need to show that the estimate for u obtained by the comparison argu¬ 
ment in the proof of Lemma [3.31 can be made uniform in c G Jq := [c (l — cq]. 
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We now start the examination of the proof of Lemma I3.3[ Firstly it is easily seen that 
the e > 0 in fl3.3p can be chosen independent of c G Iq. Next since L = Lc{0) has a common 
npper bonnd for c G Jq, we can choose I there independent of c. It follows that the nnmber Ti 
in the proof there, and hence ipo and T = T{'ijjQ) are independent of c. Therefore Tq = T + Ti 
is independent of c. We now obtain from fl3.8|) that, for every c G Jq, 

u{t + To,x) >V{x - ct - I - cTq + 

for f > 0 and a; G [ct + l + cTq — ^,ct + I + cTq + . Taking x = ct + l + cTq we obtain 

u{t + To,ct + l + cTo) > V j for f > 0, c G Iq. 

Using the earlier notation V = Vo,c and L = Tc(0), we hnd that there exists (3 > 0 snch that 

V = Uo,c > /? for c G Jq. 

Hence, if we take f + Tq = 7 „,, then 

ct -\-l -\- cTq = C'Jn T (c — c)To + I, 

and 


(3.29) uiln, cjn + (c — c)To + 1) > (3 for all large n and all c G Iq. 

Dne to onr choice of Jq, for all large n, 


C'^n + (c — c)To + I : c E Io \ T) 


c + 


eo 


dnj ( 1 


eo 


Co7»i 


Thns, in view of fl3.28l) . the reqnired estimate fl3.25p follows from fl3.29p . The proof is 
complete. □ 


3.3. The case of vanishing. We hrst give a resnlt which does not reqnire c < Cq. 

Lemma 3.11. For any c> 0, the unique solution {u, h) has the following property: 
limt^oo [maxo<x</i(t) u(t, x)] = 0 if and only if hoo ■= hnp^oo h(t) < oo. 

Proof. Suppose lim^^oo [niaxo<a;</i(p M(f, x)] = 0. We hrst prove that 
(3.30) lim h'{t) = 0. 

t—^OO 

Since h'(t) > 0, it suffices to show limsup^^oo h'(t) < 0. If this is not true, then there exist 
eo > 0 and a sequence such that 

lim tn = oo and h'(tn) > cq for all n. 

n^oo 

By ([T3]), we have u^{tn,h{tn)) = -h'{tn)/pi < -eo/pi. Let w{t,y) = u{t,y + h{t)) for f > 0 
and —h{t) <y <t). Then w{t,y) satishes Wy{tn,0) < —eo//i and 

{ Wt = dwyy + h'{t)wy T H(?/ + h{t) — ct)w — bw^, t > 0, —h{t) < ?/ < 0, 

Wyit., —h{t)) = w{t, 0) = 0, f > 0, 

w{f],y) = UQ{f],y + ho), -ho < 1/< 0. 
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Since h'{t), Aijj + h{t) — ct) and w{t,x) are all bonnded in the L°° norm, for any fixed 
L G (0, ho], by estimates and Sobolev embeddings, there exist positive constants a G (0,1) 
and D > 0 snch that 


(3.31) 


Itall i+Q 1 , < D. 


Since limt^oo [maxo<a;<h(p ^)] = 0, necessarily w{tn,x) converges to 0 nniformly in 
[—L, 0] as n oo. By fl3.3ip and a standard compactness consideration, there exists a 
snbseqnence of {tn}, still denoted by itself, snch that 

w{tn, y) —)■ 0 in C^{[—L, 0]) as n —)■ cx). 

It follows that Wy(tn,0) 0, which is a contradiction to Wy(tn,0) < —eo//i. This proves 

fICTD . 

We next show that h^o < +cxo. Take 

dvr 


m : = 


9fi 

Dne to lim^^oo [niaxo<x</i(t) u{t,x)\ = 0 and fl 3 . 30 p . there exists T > 0 snch that 
u{T, x) < ^ ioT X E [ 0 , h(T)] and h{t) < ct — Iq for all t >T. 
Therefore A{x — ct) = oq for f > T and x G [ 0 , h(f)], and so 

Ut = duxx + clqU — bu^, t > T,0 < X < h{t), 

Uxit, 0 ) = u{t, h{t)) = 0 , t > T, 

—^Ux{t, h{t)) = h'it) t > T. 


Set 




a := 


36h(T) 


„ h{t) := h(T)(3-e-“*), 


M(f, x) := me cos 


TT X 


2 h{t) 


A direct calculation gives 


m( 0 , x) >m cos 


TT 


m 

7 ! 


> ^(T, x) for 0 < X < h(T), 


Uxit, 0 ) = 0 , u{t, h{t)) = 0 for f > 0 , 


-fjiUx{t^ h{t)) = lime — < iim e = ah{T)e = h'{t) for t > 0, 


and 


2h{t) 


xii — duxx — (IqU T bu 


4h(T) 


nxh'it) , TTX , dvr 
-a + _r , : tan(-^—) + 


TTX 


> 


- On + bme cos( ) 1 u 
2h(f)2 2h{t) 4h(f)2 2h{t) 

- aj M = 0 for f > 0, 0 < X < h{t). 

So, by the comparison principle, 

h{t + T)< hit) = h(T)(3 - e""*) < 3h(T) for t > 0, 
u{t + T, x) < u{t, x) for f > 0 and 0 < x < h{t + T). 

The hrst inequality clearly implies hoc < cxo. 
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Conversely, suppose < oo. Then from Lemma [3.101 we immediately obtain 

lim max u{t,x) =0. 

t^oo 0<x<h{t) 

The proof is complete. 

Theorem 3.12. If lim sup^^^[h{t) — ct] < L^, then hoo ■= lim^^oo < +oo 


□ 


(3.32) 


lim 

t—>-oo 


max u(t,x) 

0<x<h(t) 


= 0 . 


(3.33) 


Proof. By Lemma EHH it suffices to prove fl3.32p . Denote H* := hmsupj^oo[h(t) — ct]. If 
H* = —oo, then fl3.32p follows immediately from Lemma [3.101 

Suppose next H* > —oo. Fix a constant L G {H*,L^). By Lemma 12.81 there exists 
I > —H* large such that < c, where Wi^l is given in Lemma l278l Let Mi > M, 

Li > L, and denote by Vc the unique positive solution of 

dV” + cV + A{x)V - 6^2 = 0 for t>to,-l<x< Li, 

V{-1) = Ml, V{Li) = 0. 

By continuity, —/iV'(Li) < c provided that Mi is close enough to M and Li is close enough 
to L. We now fix Mi > M and Li> L so that —/iV'(Li) < c holds. 

By the comparison principle, there is small Cq > 0 such that 

Vc{x) > + 2eo for x E [-1, L]. 

By continuity, there is small 5 > 0 such that 

(3.34) Vc-s{x) > + eo for x E [-/, L] 

and 

where Vcs is the unique positive solution of fl3.33|) with c replaced by c — 5. 

Since hmsupi^oo[h(f) — ct] = H* < L, there is to > 0 so that cto > I and h(t) — ct < L for 
all t > to . We now consider the auxiliary problem 

Vt = dvxx + cVx + A{x)v — bv'^, t > to, —I < x < L, 
v{-l) = M, v{L) = 0, 
v{to,x) = M, 

which has a unique positive solution v{t,x-,c), and by the comparison principle, 
v(t, x; c) > u(t, X + ct) for t > to, —I < x < h{t) — ct. 

Clearly, 

(3.36) v{t, x] c) Wi^l(x) in C'^([—/, L]) as t ^ oo. 

Therefore, there is ti > to such that 

^i,l{x) + Co > u{ti, X + cti) for — I < x < h(ti) — cp. 

From fl3.34p . it follows that 

Ve-5 (x) > u(ti, X + cti) for — I < X < h(ti) — cti. 

We now define 

u(t, x) := Vc-s(x — cti — (c — 6)t) 


(3.35) 
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^l{t) := cti + (c - 6)t - I, ^ 2 it) ■= cti + (c - 6)t + Li. 

Then, 

Ut = duxx + — cti — (c — 6)t)u — bu^ 

> duxx + — c{t + ti))u — hu^ for t > 0, X G ^ 2 (^); 

u{t,ii{t)) = Ml > u{t + ^ > 0; 

M(t,^2(t)) = Vc-5(Ti) = 0, t > 0; 

6(^)) = -hV'_ 5 (^i) <c-5 = ^ 2 (t), t > 0; 

■ 62 ( 0 ) = cti + L > h{ti)] 

M(0,a:) > u{ti,x) for x G (^i(O), ^ 2 ( 0 )). 

By the comparison principle, we obtain 

hit + ti) < ^ 2 it) = cti + (c — S)t for f > 0, 
u{t + ti,x) < u{t, x) for f > 0, ^i(f) < X < h{t). 

But the hrst inequality implies H* = —00. This contradiction implies that the case —00 < 
H* < L* cannot happen. The proof is complete. □ 

3.4. The case of borderline spreading. 


Theorem 3.13. //hmsupj^oo[/i(f) — ct] = L^, then limt^oo[h(t) 
(3.37) lim max \uit,x) — VJx — hit) + L^)\ = 

t^oo 0<x<h{t) I " ' 


- ct] = L* 

0 . 


and 


Proof. The first conclusion has been proved in Lemma 13.61 It remains to prove (I3.37p . 

For t > 0 and —hit) < x < 0, dehne 

gif) := hit) — ct, wit, x) := uif, x + hit)). 

Let {tn} be an arbitrary sequence satisfying —)■ 00 , and define 

gn{t) ■= 9{t + tn), U!n{t, x) := w{t + tn, x). 

Then, Wn and gn satisfy (13.111) . By the arguments in the proof of Lemma 1331 there exists 

a subsequence of {wn}, denoted still by {wn} for convenience, and a G (0,1), such that 

Wn ^ w in CfJ. ’^"'"“(M^ X (—CX3, 0]), g'nit) —)■ 0 in CfJ^{R), and w satishes 

dw .d'^w dw .. T \ '■ 1 '■2 Tmi 

—— = dTTvr + c— — h Aix + LAw — bw , t G —00 < x < 0, 
at ox^ ox 

< wit, 0) = 0, t G 

dw 

— (t, 0) = c, t G Mf. 

ox 

We claim that 

(3.38) M)(t, x) = K(a: + L*). 

We will use an argument from [19] to prove this claim. Arguing indirectly, we assume that 
fl3.38p is not true. Then there exist to G and Xq < 0 such that wito,xo) 7 ^ V^{xo + L*). 
By continuity, there exists Cq > 0 such that 

w{t,xo) 7 ^ V,{xo + LA) for t e[to- eo,to + eo]. 
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We now consider the function 

ri{t, x) := w{t, x) -V^{x + L*) for (f, x) G ffo := [^o - ^o, h + Cq] x [xq, 0]. 


Clearly 

Vt = drj^x + crj^ + [a{x + L^) - b[w + K(- + L^)]^ri in Qq, 
r]{t, xo) ^ 0 , r]{t, 0 ) = 0 for f e [to - Cq, to + eo]- 

Therefore we can use the zero number result of Angenent [1] (as stated in Lemma 2.1 of 
[TT] 1 to conclude that, for t E (to — Cq) to + Cq), Z{t), the number of zeros of r 7 (t, •) in [a:o, 0], 
is hnite and nonincreasing in t, and if ^^(t, •) has a degenerate zero in [xo, 0 ], then 


Z{t 2 ) < Z{ti) - 1 for to - eo < ti < t < t 2 < to + eo- 

It follows that there can be at most hnitely many values of t G (to — eo,to + eo) such that 
Tjit, •) has a degenerate zero in [xo, 0]. On the other hand, from 

vJxit-, 0) = —— = K^(L*) for all t G 

/i 

we see that x = 0 is a degenerate zero of r]{t^ •) for every t G (to —eo, t+eo). This contradiction 
proves dSig). 

Since w(t,x) = V^{x + L^) is uniquely determined, we conclude that 
(3.39) lim w{t, •) = K(- + -h*) in C/+"(-co, 0]. 

t^OO 

In view of lim 4 ^oo[h(t) — ct] = L*, it follows that, for every M > 0, 


(3.40) lim max m(t, x) — K(a^ — h(t) + L*) 

t^oo lct-M<x<h(t) ' ^ ' 

Since 14 (—cx)) = 0 and by Lemma 13. 101 


0 . 


lim sup 

t^OO 


max u(t,x) 

0<x<ct—M 


= e(M) —)■ 0 as M —)■ CX3, 


we have 


lim sup 

t^OO 


max ^(t, x) — 14 (x — h(t) + L*) 

0<x<ct-M ' ' 'I 


=: e(M) —)■ 0 as M —)■ CX3. 


Combining this with fl3.40p . we obtain, for every M > 0, 


limsup max u(t, x) — Vt(x — h(t) + L^,) 

t^oo [0<x<h(t) I ^ ' 

Letting M —)■ cxo, we obtain fl3.37l) . The proof is complete. 


e~(M). 


□ 


4 . Parameterized initial function and trichotomy 


Throughout this section, we suppose 

0 < c < Cq. 


Denote 

X{ho) := {(j) G C^([0, ho]) : 0 satishes fll.4p }. 

Fix 4 G X{ho), and for a > 0 , let (tier, ha) denote the unique positive solution of fll.3|) with 
initial value Uq = cref). We will examine the long-time dynamical behavior of (mq-, ha) as a 
varies, and see how the trichotomy described in Theorem 11.11 is realized. 
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We will say is a vanishing solution”, or simply “(uo-, hg.) is vanishing”, if in 

Theorem II.II case (i) vanishing happens for h^). We similarly define the terms “(mo-, h^) 
is a borderline spreading solution”, “(uo-, hfj) is a spreading solution”, “(uo-, hfj) is borderline 
spreading”, and ^Xua,ha) is spreading”. 

The following result is a direct consequence of the comparison principle. 

Lemma 4.1. {i) If {uai^h^i) is vanishing, then for 0 < a < (ua-, ho-) is also vanishing, 

{ii) If{Uo-i,hoi) is spreading, then for a > , {ua,ho) is also spreading. 


Denote 


S'! := {(T > 0 : {Uo, ho) is vanishing}, 5*2 := {a > 0 : (Uo, h^) is spending}, 

and 

^ r sup^i, if ^ 0, , ^ r inf ^ 2 , if ^2 ^ 0, 

\ 0, if S'! = 0, ^ \ +CX), if S 2 = 0. 

Lemma 4.2. We always have a* > > 0. If ho > L{0), then a* < +cx 2 . 


Proof. For any fixed T > 0, it is easy to show that 


lim ho(T) = ho, lim max Uo{T,x) 

(7^0+ (7^0+ 0<X<ha{T) 


0 . 


Set iR := and fix T > 0 such that cT > /q + 3ho. We can then choose a sufficiently small 
cr > 0 such that 


3ho(T) < cT 


lo and Uo{T, x) < 


2 


m for X e [0, ho{T)]. 


Set 


Uo{t,x) := me"“‘cos , ho{t) := h^(T)(3 - e"“*). 

\^ho{t)J 


For Q < X < hoif) and t >T, we have 

X — ct < ho{t) — ct < 3ho{T) — cT < —lo. 

Therefore for such t and x, A{x — ct) = oq, and the calculations in the proof of Lemma [3.111 
can be repeated to show, by the comparison principle, 

ho{T + t) < ho{t) for f > 0, 


which implies that {uo, ho-) is vanishing. This proves a* > 0. 

The fact a* < a* clearly follows from their definitions and Lemma 14.11 
Finally, if ho > -h(O), then we can find a > 0 large enough such that 

a(j){x) > Vo(x) for x G [0,L(0)]. 

Therefore by Remark [3.81 {uo, ho) is spreading. It follows that a* < +cxd. □ 


Theorem 4.3. There exists ao G (0, cxd] such that 

(i) {uo, ho) is vanishing when a < ao; 

(ii) {uo, ho) is spreading when a > ao; 

(hi) (uo, ho) is borderline spreading when a = ao. 
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Proof. For clarity, we divide the proof into three steps. 

Step 1. We show that ^ Si. 

Arguing indirectly, we suppose that cr* G S'!. Then we have 

linii^oo Ua,(t, x)] = 0 and (h^Joo < oo. 

Denote m = ^. Then there exists T > 0 such that 

9/i 

3ha^{T) < cT — (/o + 1) and max Ua^{T,x) < \/2m/4:. 

0<x<ha-f (T) 

By continuity of solutions with respect on a, we may choose a small e > 0 such that the 
corresponding solution (Mcr*+e, hg-.+e) satisfies 

3ha,+e{T) < cT — lo and max a:) < y/2ml2. 

0<x<h„^+^{T) 


Let 

and dehne 


36h..+,(T)2 


^(t) := ho-*+e(T)(3 — e “*), u;(t,x) := me cos 
Then by the arguments in the proof of Lemma 13.111 we have 



h„,+e{T + t) < ^{t) for f > 0. 

This implies liiUi^oo < oo, and hence (wo-.+e, ho-,+e) is vanishing, which is a contra¬ 

diction to the dehnition of a*. Therefore, a* ^ 5i, and Step 1 is completed. 

Let US note that by Lemma [4.11 vanishing happens when 0 < a < a*. If a* = -|-cxo, then 
there is nothing left to prove. We suppose next a* < -|-oo. 

Step 2. We show that a* ^ S 2 . 

Suppose that cr* G S' 2 . Then, by the definition of spreading, we have h^*{t) — ct —)■ cx) as 
t —)• cx). Fix a constant I > max{ho, L*}; then there exists to > 0 such that 

h-CT* (to) — cto > L(0) -|- f -|- 1. 


By continuity, there exists a sufficiently small e > 0 such that 
(4.1) ho-«_g(to) — cto > L(0) -|- 1. 


Dehne 

w{t, x) := Vo(a; — ct — ^) for t > 0 and ct-|-[<a;<ct-|-^-|- L(0). 

In view of fl4.ip and the fact that 

her*—e(0) ho ^ t, 

we can hnd ti and t 2 such that 0 < t 2 < ti < to, 

hfj*—^(^2) Ct2 t, her*—e(ti) Cti / “1“ L(0), 

and 

I < ha-*-e{t) — ct <l + L{0) for t G (t 2 , ti). 

We are now in a position to repeat the zero number argument in the proof of Lemma 13.21 
to deduce that 


Vo{x — Cti — 1) = w(ti, x) < Mo-*-e(tl, x) for Cti+l < X < ho-*-e(ti), 
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and 

= cti -\-1 L(0). 

By the comparison principle for free bonndary problems, we then dednce 

ho-*_g(f) > ct + l + L(0) for f > fi, 

and 

Ua*-e(t, x) > Vq{x — Ct — 1) for t > ti, X G [ct + l,Ct + l + -h(0)]. 

It follows that 

hmsnp[ho-*_e(f) — ct] >1 + L{0) > L*. 

t^OO 

Hence we can use Theorem 13.91 to conclude that is spreading, which is a 

contradiction to the definition of a*. Therefore, a* ^ 82 , and Step 2 is done. 

By Lemma ITTl is spreading when a > a*. Moreover, for any a G [a^,a*] fl 

(uo-, hg.) is not vanishing, nor spreading, so by Theorem 11.11 (uo-, h„) must be borderline 
spreading. 

Step 3. We prove that = a*. 

Suppose that cr* < a*. For convenience, we denote 

{u^,K) = and {u*,h*) = 

(If 52 = 0 and hence a* = +cxo, then we take a* an arbitrary number in ((J*,+cxd) in the 
definition of {u*,h*) above.) Then both {u^,h 8 ) and {u*,h*) are borderline spreading, and 
so 

lim [h^(t) — ct] = lim [h*{t) — ct] = L*. 

t^oo t—^oo 

By the comparison principle, 

(4.2) u^{t,x) < u*{t,x) for f > 0, 0 < x < h*(f) 

and 


(4.3) h^(t) < h*(t) for f > 0. 

From the proof of Lemma [27^ we see that V^{x) > 0 for x < —Iq. Hence we can use fl3.39p 
to conclude that for all large t, say f > to > 0, 

3 

(4.4) ul.{t,x) >0 for f > to, —2/o < x — ct < ~2^o- 

We may also assume that ct^ > 21 q. 

By fl4.2p and fl4.3|) . there is small tq > 0 such that 

M*(fo, X - To) < u*{to, x) for cto - 21q + To < X < K{to) + To 


and 

Dehne 


h*(to) + T) < h*(to). 

u{t, x) := u^{t + to,x - To), 

^i(t) := c(t + to) — 2 lo + To, ^2{t) '■= h^{t + to) + Tq. 


U-f. = +A{x — To — c{t + to))u — 

< (111^^ +A{x — c{t + to))u — h'i^-, 


Then, 
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m(0,x) = u^{to,x- To) < u*{to,x), X e [6(0),6(0)]; 
du 

+ to, h^{t + to)) = K{t + to) = 6 (^); 

u{t,^2{t)) = 0, t>0. 


By (14.2p and (I4.4p . for t > 0, 

m (^5 6 (^)) = u^{t + to, c{to + t) — 2lo) < u*{t + to, c{t + to) — 2lo) < u*{t + to, ^i{t))- 
By the comparison principle, 

u{t, x) <u*{t + to, x) for t > 0, X e [ 6 (f), 6 (^)] 


and 


(4.5) ^ 2 (t) < h* (t + to) for f > 0. 

From fl4.5p and limi^oo[ 6 (f) — ct] = L*, we obtain 

liminf[h*(t) — ct] > lim [6(f — 6) — ct] = L* + tq > F*, 

t^OO t^OO 

which contradicts hmt^oo[h*(t) — ct] = L*. This completes Step 3, and hence the proof of 
the theorem. □ 


5. Proof of Theorem 11.21 

We will consider the cases c > Cq and c = Cq separately. We start with the easy case 
c > Cq. 


Lemma 5.1. If c> Co, then the unique solution {u,h) of 01.31) is always vanishing. 

Proof. Since A{x — ct) < a, by the comparison principle and [I 6 ], there are to > 0 and 5 > 0 
such that h{t) < (c — 6)t for t > to. By Lemma [3.101 we have 


lim 

t—KX 


max u(t,x) 

0<x<h{t) 


= 0 . 


We may now apply Lemma [3.111 to obtain hoc < +cx 3 . Hence {u, h) is vanishing. 
We next treat the case c = Cq. 


□ 


Lemma 5.2. When c = Cq, the unique solution {u,h) of 01.3p is always vanishing. 

Proof. We understand that u{t,x) = 0 for a; > h{t). By the comparison principle and [TB] , 
there exists L > 0 such that 

h{t) — ct < L for t > 0. 

Denote v{t, x) := u{t, x + ct); then 

{ Vt = dvxx + cVx + A{x)v — bv‘^, t > 0, —ct < x < h{t) — ct, 
v(t, hit) — ct) = 0, t > 0. 

By Lemma 13.101 there exist to > 0 and Mq > 0 such that 

(5.1) v{t, x) < — for t > to, X G [—ct, —Mo]. 
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Let M = max{||Mo||oo; Then consider the following problem 

{ Wt = dwxx + cWx + A{x)w — hw‘^, t > to, —Mq < x < L, 

w(t,-Mo) = ^, w(t,L)=t), t>to, 

w(to, x) = M, —Mo < X < L. 

Since w = M is a super-solution of the corresponding elliptic problem of fl5.2p . by a well- 
known result on parabolic equations (see m), the unique solution of fl5.2p . which we denote 
hj v^{t,x), is decreasing in t and 

lim v^{t, •) = in C'^([—Mq, L]), 

t^OO 

with the unique positive solution of 

( dV + cV + A(x)V - bV^ = 0, -Mo < x < L, 

I V{-Mo) = V{L) = 0. 

Since h{t) — ct < L for all t, and M > uo, and flS.ip holds, by the comparison principle, we 
have 

v{t,x) < v^{t,x) for t > to, —Mo < x < L. 

By a simple comparison argument and the strong maximum principle, we see that there 
exists ei > 0 such that 

V^{x) < ^ — 2ei for x e [-Mq, L]. 

So, there is ti > to such that 

v(t,x) < y — ei ioT t > ti, —Mo < X < L. 
b 

Combining this with flS.ip . we obtain, for some 62 > 0, 

(5.3) u{t, x) < - — €2 for f > fi, 0 < X < cf -|- L. 

Since c = Cq, by mm, the problem 

{ dU" + cU' + aU-bU^ = 0, -00 < x < 0, 

1/(0) = 0. t;(-oo) = 

-fif/'(0) = c 

has a unique positive solution Uc- Dehne 

Uc,Lii^) = Uc{x- Li). 

If we choose Li > L large enough, then from Uc{—oo) = a/b we obtain 

Ucm{^) > ^ ^ for X e (-cx),L]. 

By continuity, there is sufficiently small 5 > 0 such that 

Uc-5m{^) > ^ Y for X e [ 0 , L], 

where Uc-s,Li{x) := Ucs^x-Li), and Ucs is the unique solution of the initial value problem 
dU" + (c- 5)U' + aU - bU^ = 0, 17(0) = 0, 17'(0) = 

/i 
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Define 

u(t,x) := Uc-5,lA^ - - (c - 

^lit) := cti + (c - 5)t, ^ 2 it) := cti + (c - 6 )t + Li. 
Then, for t > 0 and ^i(t) < x < ^ 2 (^), 

Ut = diixx + au — hu^ 

> duxx + A{x — c{t + ti))u — bu^. 

By (EJD, 

= f^c-4,Li(0) > ^ Y for t > 0. 

Obviously, 

u{t,^2{t)) = Uc-sMi^i) = 0 ; 

—flUxit: ^2{t)) = C — 6 = ^2{t) ioT t > 0. 

If [^i(O), h{ti)] is not empty, then by (15.31) 

■h(0, x) > ^ - €2 > u{ti,x) for X e [^i(O), h{ti)]. 
Hence we can use the comparison principle to conclude that 

u{t, x) > u{t + fi, x) for f > 0, ^i{t) < X < h{ti + t) 

and 

^ 2 {t) > h{t + ti) for f > 0. 

We may now use Lemma 13.101 to conclude that 


lim 

t^OO 


max u(t,x) 

a:S[0,h(t)] 


= 0 . 


Therefore, hoo < +00 (see Lemma [3.111) . and vanishing happens. 


□ 
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